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The aim of the present note is to establish some new integral inequalities of the 
Sobolev type involving functions of two independent variables and their first-order 
partial derivatives. The analysis used in the proofs is quite elementary and based on 
some simple observations and applications of the fundamental inequalities. ‘( 1987 
Academic Press. Inc. 
1. INTR~DUCTIO~V 
The integral inequality of the form (see, 14, p. 1011) 
is known as Sobolev’s inequality, where u(x, y) is a smooth function of 
compact support in two dimensional Euclidean space E, and E is a dimen- 
sionless constant. In [S] Ladyzhenskaya has shown that CI =4 is a valid 
choice in (1 ), while Payne [9] and Serrin [lo] have sharpened this result 
to c( = 1. In particular, inequalities of the form (1) in two and three dimen- 
sions have been widely used in the investigations of uniqueness and 
stability results for the Navier-Stokes equations (see, [4, 5, 9, lo]). A good 
account on this type of inequalities may be found in the monographs [S, 61 
and some of the references given therein. In the present note, we wish to 
establish some new integral inequalities of the Sobolev type in two indepen- 
dent variables which may be of interest beyond the present context. The 
proofs given here are quite elementary and the results established in this 
paper yield in the special cases the two dimensional version of the Serrin’s 
inequality (see, [2, p. 1993) and the sharpened version of Sobolev’s 
inequality given by Payne [9] and Serrin [lo]. An interesting feature of 
the inequalities established in this paper is that the constants appearing in 
them do not depend on the size of the domain in which the functions are of 
compact support. 
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2. STATEMENT OF RESULTS 
In this section we state our results to be proved in this paper. In what 
follows, we say that a function is of compact support in E,, a two dimen- 
sional Euclidean space if it is nonzero only on a bounded subdomain B of 
E, where B lies at a positive distance from aE,, the boundary of E,. 
Throughout, we write jlTI, ,f(.~, y) Ax dy for jXZ j” x .f(x, y) dx dy and 
assume that all integrals exist. 
We first establish the following inequality which we believe is of indepen- 
dent interest. 
THEOREM 1. Let u,(x, y) (r= l,..., m) be any smooth ,functions of com- 
pact support in E,. Then 
where 
leradii.(x,~)l=[~~u,(x,~)(‘+1~u.(x,g)12]’i2. 
Remark 1. We note that in the special case, when m = 1, the inequality 
(2) reduces to the following inequality 
lu,(x, y)12 d-x dy Igrad u,(-Y ~11 d-x dy (3) 
I 
which in turn is a two dimensional version of the inequality established by 
Serrin in [lo] (see, also [2, p. 1991). 
We next establish the following inequality which generalizes the version 
of the Sobolev’s inequality established by Payne [9] and Serrin [lo]. 
THEOREM 2. Let p3 1 be an integer and u,(x, y) (r = l,..., m) be any 
smooth functions of compact support in EZ. Then 
m X Igrad 4-c y)12 dx & , -cc (4) 
where Igrad u,(x, y )I is as defined in Theorem 1 
116 13. (i. t'A(‘HPATTt 
Rwwk 2. It is interesting to note that in the special case, when VI = 1 
the inequality (4) reduces to 
which in turn for p= 2 reduces to the sharpened version of Sobolev’s 
inequality established by Payne in [9] and Serrin in [lo]. 
3. PROOFS OF THEOREMS 1-2 
Since u,(x, y) (r = l,..., m) are smooth functions of compact support in 
E2 we have the following identities 
(6) 
(7) 
for r = I,..., m. From (6) and (7) we obtain 
for r = l,..., m. Similarly, we obtain 
for r = l,..., m. From (8) and (9) we observe that 
(8) 
(9) 
(10) 
for r = l,..., M. From (10) and using the elementary inequality (see, [7]), 
(h, ..‘h,,,)““’ d(b, + ‘.. +h,,,) (11) 
m 
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(for h, ,..., h,,, reals and m >, 1) we obtain 
Thus 
(12) 
From (12) and using the elementary inequalities 
This completes the proof of Theorem 1. 
Since u,(x, y) (r = l,..., m) are smooth functions of compact support in 
E, we have the following identities 
118 
for P = I ,__, wz and the integer p 2 I. From (13) ami ( 14) we obtain 
for r= I,..., wz. From (15) and (16) we observe that 
fur * = I ,,.., m. From (17) and using the elementary inequality {I 1) we 
obtain 
Thus 
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Now applying Schwarz inequality to each integral on the right side in (18) 
and then using the elementary inequality h~l*h:/* d&b, + h2) (for hr, 6, > 0 
reals) we obtain 
[grad u,(x, y)\* dx dy 
This is the desired inequality in (4) and the proof of Theorem 2 is complete. 
Remark 3. We note that recently, Horgan and Nachlinger [3] and 
Horgan [2] have obtained some interesting inequalities of the Sobolev 
type (1) by using Serrin’s inequality in three dimensions. The general 
inequality of the form (1) can be obtained from our inequality (2) by 
following similar arguments as in [2, 31. That is, in the inequality (2) 
replace u,(x, ~1) by u,P’*(x, y) where p 3 3 is an integer and 
a 
z 24,(x, y) 2 u(p’*)- ’ 
a 
2 r (x3 Y) - 4x, Y), ax 
a 
2 u,(x, y) =; u(‘)‘*‘- ‘(x, y)- u,(x, y), 
ay ay 
then we have 
G& (!) jjIrn (!, lu,(x, yN’P-2)/21grad u,(x, YN) dx dy. 
(19) 
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Now applying Schwarz inequality to each integral on the right side in ( 19). 
then taking the square on both sides of the resulting inequality and finally 
using the elementary inequality 
(h, + ” + h,,,)Z d m(hj‘ + ‘. + h;,). 
(for h, ,..., h,, reals) we get 
(20) 
It is interesting to note that the inequality (20) is of the form (1) and in 
the special case when m = 1 and p =4, the inequality (20) reduces to the 
two independent variable version of Sobolev’s inequality given by 
Payne [9] and Serrin [lo]. Furthermore, it is easy to observe that by sub- 
stituting p = q + 2 where q 3 1 is an integer, in (20), the bound obtained in 
(4) is better than the bound obtained in (20) whenever the positive integer 
m is different from 1. For other interesting inequalities of the form (1) in n 
independent variables, but the constants appearing in them depending on 
the size of the domain in which the functions are defined, see the recent 
paper [S] by the present author. 
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